
Nonlinear Viscoelasticity
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End-to-End Vector

The more complex 
the configuration of 
a polymer chain, the 
more non-zero 
entries in A

Dyadic of End-to-End 
Vector
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The stress components 
are proportional to the 
3D chain configuration.
G is the shear modulus. 

But we have to define a 
reference 
(undeformed=random) state: 
A=I
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In conformation tensor form

To express the constitutive relation in terms of stresses, 
eq. (1) should be solved in terms of conformation tensor Α
(=c) and substituted in eq. (2). 
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Equations for the 
complete determination 
of both the velocity and 

the stress fields
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Let the velocity field equal to  0,0,)(),( yttyv 
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The total stress tensor 
is given by the relation
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The viscoelastic stresses are AG
p


The conformation tensor is determined by
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The total stress tensor is
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And the conformation tensor is

The viscoelastic stress is
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The total stress tensor
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Which results into



The viscosity is:  Gs 

The First 
Normal Stress 
Difference is:

2 2
1 2o xx yy oN ( ) G      






























































1

11

00

)()(

0)(

0)(

yyyx

xyxxyyxy

yy

xy

yyyx

xyxx

AA

AAAtAt

At

At

AA

AA

t 





 





The conformation tensor is given by

)cos()( tt  

The rate of deformation equals



By integrating in time we have

If we assume that the flow starts at t = 0 s

IA 

Which gives 1yyA

All the chains are initially 
unstretched
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The total stress tensor 
is given by the relation AG
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The viscoelastic stresses are AG
p


The conformation tensor
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The total stress tensor is 
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The extensional Viscosity
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When a system is deformed, the space where a 
macromolecule deforms becomes anisotropic. 
This will lead to anisotropic drag force on it.
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Mobility 
Tensor

Relaxation 
time

   B I a A I α is a parameter that determines 
the degree of anisotropy in chain 
mobility 
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3-Constant 
Giesekus
model.
Relation is 
expressed in 
terms of the 
conformation 
tensor
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3-Constant 
Giesekus model.
Here expressed 
in terms of the 
polymeric 
stress tensor
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Viscosity and 
first normal 
stress coefficient 
for an 8-mode 
Giesekus model as 
compared to 
experimental data 
for a low-density 
polyethylene melt
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Comparison of η+ 
calculated by an 
8-mode Giesekus
model with 
experimental data 
for a low-density 
polyethylene melt



Steady Extensional Viscosity
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Comparison of η+ 
calculated by an 
8-mode Giesekus
model with 
experimental data 
for a low-density 
polyethylene melt
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N2/N1=−ξ/2
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Hookean spring or 
entropic spring

FENE stands for the finitely 
extensible nonlinear elastic 
model of a long-chained polymer. 
It simplifies the chain 
of monomers by connecting a 
sequence of beads with 
nonlinear springs. 
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https://en.wikipedia.org/wiki/Polymer
https://en.wikipedia.org/wiki/Monomers
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If the dumbbell model is considered to 
have a maximum attainable length L.
The force of the dumbbell is given by 
Warner law.

Concentration
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Low shear rate 

b=R2
max

High shear rate 

Time evolution of η+ after inception of shear flow 
for FENE, FENE-P and FENE-CR 
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Time evolution of Ψ1 
+ after inception of 

shear flow for FENE, FENE-P and FENE-CR 
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High shear rate 


